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ABSTRACT 
The main result is the following. Let G be an abelian group, let K be an algebraically closed field 
of characteristic zero. Let A lx any shift-invariant K-algebra with unit element of representative 
functions G-K, invariant under the antipode. Then the additive homomorphisms G-K in A 
together with the multiplicative homomorphisms G-+K * in A generate A (Theorem 1.1). In $ 2 a 
few consequences for p-adic representative functions are discussed. 
INTRODUCTION 
Let G be an abelian topological group, written additively, let K be an alge- 
braically closed valued complete field. For f : G-K, SE G we define as usual 
f,: G+K by f,(x) : =f(s+x) (xEG). Let Gi be the set of all continuous 
bounded characters G+ {A E K : 111= l}, let Trig(G+K) be the set of all 
bounded continuous functions f: G-+K such that [f, : SE G] is finite- 
dimensional, where 1 ] indicates the K-linear span. In [3] necessary and suffi- 
cient conditions on the pair G, K are given in order that Trig(G+K) = [Gil. 
To see that equality is not true in general consider Example 2.2. The purpose 
of this paper is to prove that yet Trig(G+K) = [GjJ if the characteristic of K 
is zero (Theorem 2.3), where the bar indicates the uniform closure. (Although 
easy counterexamples to the latter equality can be made if the characteristic of 
K is nonzero we failed to find a neat description of Trig(G*K) and its closure 
in this case.) Our proof is based on a purely algebraic result which will be 
treated in 9 1. 
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1. THE KEY THEOREM 
The main result of this section was first obtained by Borm by an elementary 
but technical and tedious proof. A shorter and more elegant proof, yielding 
also some extensions, was found by de Vries and will be presented here. 
Let G be an abelian group, written additively, let K be an algebraically closed 
field of characteristic zero. A representative function is an f: G+K for which 
1 f, : s E G] is finite-dimensional. Under pointwise operations these functions 
form a K-algebra 3(G). It is also a Hopf algebra with comultiplication 
and antipode 
determined by 
f b+Y) = C gi(x)hiQ 
h=f(-x) 
for X, y E G. Moreover, for f E 3(G), the functions gi and hi can be taken in 
the finite-dimensional space spanned by the translates off ([l], Chapter 1). 
The characters of G, i.e. the homomorphisms of G into the multiplicative 
group K * of K, form the multiplicative subgroup K(G) of the group of units 
of s(G); the set X(G) is linearly independent. The additive forms of G, i.e. 
the homomorphisms of G into the additive group of K, form a linear subspace 
G(G) of R(G). 
THEOREM 1.1. Let A be a subalgebra of a(G) such that A is shift invariant, 
A contains the unit element I, and A is invariant under the antipode. Let 
x,: = X(G)nA, @A : = @(C)CIA. Then the natural map K[XA]@S(QA)+A 
is an isomorphism. Here K[X,] denotes the span of X, and S(@,) is the sym- 
metric algebra on the vector space QA. 
PROOF. By restriction A is a Hopf algebra. Moreover, every function from A 
is contained in a finitely generated subalgebra of A with the same properties 
as mentioned for A. Hence A is the inductive limit of the directed system of 
the finitely generated subalgebras of A with these properties, partially ordered 
by means of inclusion. So without loss of generality, we may, and shall, assume 
A to be finitely generated. Then A can be considered as the algebra A(H) of 
regular functions (in the sense of algebraic geometry) of a linear algebraic group 
H, whose points can be taken as the homomorphisms of A to K. By taking for 
x in G the restriction to A of the evaluation mapping at x one obtains a group 
homomorphism w : G+H with as image a Zariski dense abelian subgroup of 
H; the cohomomorphism f-f0 v/ is the inclusion mapping of A into S?(G). 
Since G is abelian, H is abelian as well. As an abelian linear algebraic group, 
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H is the direct product of its semisimple part H,, which is a diagonalizable 
group, and its unipotent part H,, which is a vector space. (Here the hypothesis 
on the characteristic of K is used.) Then A(H)=A(H,)~A(H,), a tensor 
product, where A(H,) has the (algebraic) character group X(H) of H as a 
basis, and where A(H,) is the symmetric algebra of the linear dual of H,. See 
[4], 2.4.12 and 2.6.7. This proves the theorem. 
One can now easily describe the shift invariant linear subspaces of B(G). 
With the same notation as before, it follows from the fact that y/(G) is Zariski 
dense in H, that the shift invariant linear subspaces contained in A(H) coincide 
with the linear subspaces of A(H) that are invariant under the regular repre- 
sentation of H in A(H). They are the subspaces of the form CXEXCHj x. T,, 
where each T, is a linear subspace of the polynomial algebra A(H,) that is 
invariant under translation by the elements of the vector space H,, which 
amounts to the same as being invariant under all differential operators with 
constant coefficients. Writing V=H,* (the linear dual of H,), each non-zero 
T, is of the form C,“=, S,( I’,), where each V, is a linear subspace of V, with 
V n + , c V,, for all n, and where S,( V,,) is the space of all polynomials on V, 
with degree at most n. 
COROLLARY 1.2. The shift invariant linear subspaces of R(G) are the spaces 
where D is a subset of X(G), and where Vx,, is a linear subspace of@(G) with 
V ,,,,,~V,,,forallxandalln. 
COROLLARY 1.3. The shift invariant subalgebras of S?(G) are the spaces 
0 (x * S( V*>h 
XED 
where D is a subsemigroup of X(G) and each Vx is a linear subspace of Q(G) 
with Vx, + Vx, c VxIx2 for all x1, x2 in D. 
2. COROLLARIES FOR THE p-ADIC CASE 
Throughout 0 2 G is an abelian topological group and K is an algebraically 
closed field of characteristic zero with a complete valuation 1 I. 
THEOREM 2.1. Let f: G-+K be a bounded continuous function. Then f is a 
representative function if and only if it has the form f = Cy=, oiMi where 
nE IN, where aI, . . . . a,, are continuous characters G+{IZ EK: 111= l} and 
where each Mi is a finite product of bounded continuous additive homo- 
morphisms G-K. 
PROOF. Immediate from Theorem 1.1 by choosing for A the set of all 
bounded continuous functions in W(G). 
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EXAMPLE 2.2. Let G =Z, @-adic integers) and let K> QP. It is easy to see 
that any continuous additive map ZP *K has the form xucx for some c E K. 
Thus, by Theorem 2.1, a continuous f : Zr, +K is a representative function if 
and only if there are continuous characters ai, . . . , a,, and polynomial functions 
Pl, -*a, P,, such that f = Cy=, a,P, (see [3] for a direct proof of this fact.) 
Now we have the announced result. 
THEOREM 2.3. Let the valuation of K be non-trivial. Then the set of all 
bounded continuous representative functions G-K and the set of all K-linear 
combinations of continuous characters G+{A E K : IL1 = l} have equal uniform 
closures. 
PROOF. By Theorem 2.1 it suffices to show that each continuous additive 
p:G*B(O,l): ={AEK: 111<1) can uniformly be approximated by K-linear 
combinations of continuous bounded characters. Such a p is the zero map if 
the valuation is archimedean so we may assume that the valuation is non- 
archimedean. Let E> 0. By Lemma 2.4 below there exists a K-linear combi- 
nationgof two characters al,a2 : B(0, l)+{J EK: IA1 = l} such that Ix-g(x)1 5 
5 E for all x~B(0,l). Then also /p(x) -g@(x))\ 5.s for all XE G and gap is a 
K-linear combination of the characters aI 0,~ and a20u of G. 
LEMMA 2.4. Let the valuation of K be non-archimedean and non-trivial. For 
each E > 0 there exists a K-linear combination g of two continuous characters 
B(O,l)+{rZeK: IJl=l} such that Ix-g(x)1 SE for all x~B(0,l). 
PROOF. Let {J. E K : )A\ < r} be the convergence region of the power series 
C x”/n! . (In fact, r= 1 if the characteristic of the residue class field of K is 
zero, r=p(‘-J’-’ if K> QP.) Let CE K, ICI <r. Then lim,,, c”/n! =0 so that 
the formula 
(*I f(x)= EO cn(;) 
defines a continuous function on B(0, 1). An elementary computation yields 
that f is a character B(O,1)+{3r~K:I11I=l). Now let O<e<l, choose 
ci, c2 E K, cl # c2 such that max (Ici I, Ic21) < er. Then, by the above result the 
functions al,a2 defined by 
ai = i CF x 
0 
(x E WA 1)) 
n==0 n 
are continuous characters. Set 
al-2 g: =-. 
Cl -c2 
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We have 
g(x) =x+ g (;)+Z (;)+ . . . (XEB(O,l)). 
By [2], Exercise 25 .G we have for each n 12, x E B(0, 1) 
I= (# nmaxl Ic~c;-‘-‘/n!l<&“-‘r& 
and we find [g(x)-xl <& for all XEB(O, 1). 
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